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Abstract
We discuss the application of the complex-mass scheme to multi-loop diagrams in hadronic effec-
tive field theory by considering as an example a two-loop self-energy diagram. We show that the
renormalized two-loop diagram satisfies the power counting.
PACS numbers: 11.10.Gh, 12.39.Fe.
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I. INTRODUCTION
The extension of mesonic chiral perturbation theory [1–3] to include heavier (non-Goldstone)
degrees of freedom is known to be a non-trivial problem. Already in the one-nucleon sector
it was found that higher-order loops contribute to lower-order calculations [4]. This problem,
also for the delta resonance included as a dynamical degree of freedom, has been solved in
the framework of the heavy-baryon chiral perturbation theory [5–7] and later in the original
manifestly Lorentz-invariant formulations by using the infrared regularization and the extended
on-mass-shell renormalization (EOMS) [8–13]. It is also possible to consistently include virtual
(axial-) vector mesons in effective field theory (EFT) [14–16] for processes involving soft external
pions and nucleons with small three-momenta. On the other hand, as the (axial-) vector mesons
decay into light modes (and therefore large imaginary parts appear), the issue of including
(axial-) vector mesons in an EFT for energies when the intermediate resonant states can be
generated is still very problematic [17]. First attempts have been made to handle this problem
by applying the complex mass scheme [18, 19] in Refs. [20–25].1
The aim of this work is to explicitly demonstrate the applicability of the complex-mass
scheme to multi-loop diagrams. For that we analyze a two-loop self-energy diagram within the
complex-mass scheme, similar to what was done in Ref. [28] using the infrared regularization
and the EOMS renormalization. We show that the resulting renormalized expressions for the
two-loop diagram indeed satisfy the power counting of the considered EFT.
II. A TWO-LOOP ω-MESON SELF-ENERGY DIAGRAM
We start with a two-loop self-energy diagram of the ω-meson shown in Fig. 1 a), where the
solid lines correspond to the vector meson and the dashed ones to the pion. This diagram is
generated by the interaction Lagrangian [29]:
L
(1)
VΦΦΦ =
i h
4F 3pi
ǫµναβ tr (Vµ∂νΦ∂αΦ∂βΦ) , (1)
where Vµ is the vector field corresponding to the ω meson and Φ = π
aτa to the pions (for the
case of the two-flavor chiral effective field theory, which we consider here).
Calculating the diagram of Fig. 1 a) we obtain:
iΣµν =
9 ih2
F 6pi
ǫµλ1σ1κ1 ǫνλ2σ2κ2 pκ1pκ2Iλ1σ1λ2σ2 , (2)
where
Iλ1σ1λ2σ2 =
1
(2π)2n
∫
dnk1d
nk2 k
λ1
1 k
λ2
1 k
σ1
2 k
σ2
2
[k21 −M
2 + i0+] [k22 −M
2 + i0+] [(p+ k1 + k2)2 −M2 + i0+]
. (3)
Using the tensor integral reduction formulas specified in the Appendix C of Ref. [30] and
simplifying Eq. (2) we obtain
iΣµν =
72 iπ2h2
F 6pi
(
pµpν − p2gµν
)
In+2, (4)
1 Note that the very non-trivial issue of unitarity within the complex-mass scheme has been addressed in
Ref. [26] and recently it has been thoroughly investigated in Ref. [27].
2
a) b) c)
FIG. 1: Two-loop order self-energy diagrams. The vertex with a circled cross corresponds to a one-
loop order counterterm and a mere cross corresponds to two-loop order counterterms. Solid/dashed
lines correspond to heavy/light particles.
where
In+2 =
1
(2π)2(n+2)
∫
dn+2k1d
n+2k2
[k21 −M
2 + i0+] [k22 −M
2 + i0+] [(p+ k1 + k2)2 −M2 + i0+]
. (5)
Thus the investigation of the considered two-loop diagram contributing to the ω-meson self-
energy reduces to the study of a scalar integral in 6 dimensions.
III. LAGRANGIAN AND POWER COUNTING
To properly subtract the two-loop integral of the previous section by applying the complex
mass scheme without unnecessary complications due to the spin and chiral structure of the low-
energy effective field theory, we focus here on an effective field theoretical model Lagrangian of
interacting scalar fields in six space-time dimensions
L =
1
2
(∂µπ∂
µπ −M2π2) +
1
2
(∂µΨ∂
µΨ−m2Ψ2)−
g
3!
π3Ψ+ L1 , (6)
where the masses of the scalar fields π and Ψ satisfy the condition M ≪ m (i.e. Ψ represents
an unstable particle). The Lagrangian L1 contains all possible terms which are consistent
with the Lorentz symmetry and with the invariance under the simultaneous transformations
π → −π and Ψ → −Ψ. Within the considered EFT, we drop heavy-particle loops, however,
we compensate for their contributions by including them in the low-energy constants. The
application of the complex-mass scheme guarantees that subtracted Feynman diagrams have a
certain “chiral” order D, specified by the power counting. In particular, let Q stand for small
quantities like the mass M , small external four-momenta of π or small external three-momenta
of Ψ. Then the vertex generated by the πΨ interaction explicitly shown in Eq. (6) counts as
Q0, the Ψ propagator as Q−1, the π propagator as Q−2, and a loop integration in n dimensions
as Qn, respectively.
IV. APPLICATION TO THE TWO-LOOP SELF-ENERGY
Here we consider the Ψ self-energy diagram shown in Fig. 1 a). The corresponding expression
reads:
− iΣΨ(p) =
i g2
6(2π)2n
∫∫
dnk1d
nk2
(k21 −M
2 + i0+)(k22 −M
2 + i0+)[(p+ k1 + k2)2 −M2 + i0+]
, (7)
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where 1/6 is a symmetry factor and n denotes the number of space-time dimensions. According
to the above power counting, the diagram of Fig. 1 a) has the order Q2n−4.2
Using the dimensional counting analysis of Ref. [31] (or equivalently, the ”strategy of regions”
[32]), the self-energy ΣΨ for M → 0 and p
2 ∼ m2 can be written as
ΣΨ = F (p
2,M2, n) +Mn−2G(p2,M2, n) +M2n−4H(p2,M2, n) , (8)
where the functions F (p2,M2, n), G(p2,M2, n), and H(p2,M2, n) can be expanded in non-
negative integer powers of M2. The coefficients of the Taylor expansion of F in M2 can
be obtained by expanding the integrand of Eq. (7) in M2 and interchanging summation and
integration:
F (p2,M2, n) = −
g2
6
∞∑
i,j,l=0
(M2)i+j+l
(2π)2n
∫∫
dnk1d
nk2
(k21 + i0
+)1+i(k22 + i0
+)1+j[(p+ k1 + k2)2 + i0+]1+ l
.
(9)
Calculating the integrals of Eq. (9) we obtain∫∫
dnk1d
nk2
(k21 + i0
+)1+i(k22 + i0
+)1+j [(p+ k1 + k2)2 + i0+]1+ l
= πni−2(i+j+l)
(
−p2 − i0+
)n−i−j−l−3
×
Γ
(
n
2
− i− 1
)
Γ
(
n
2
− j − 1
)
Γ
(
n
2
− l − 1
)
Γ(i+ j + l − n + 3)
Γ(i+ 1)Γ(j + 1)Γ(l + 1)Γ
(
3n
2
− i− j − l − 3
) . (10)
The terms in Eq. (9) are analytic in M2. In order to find the power counting violating terms,
we need to expand the coefficients of the series in Eq. (9) in terms of p2−m2. We only need to
subtract those terms which violate the power counting, which in the present case of six space-
time dimensions are all terms of order Q7 or less. Doing so we identify the subtraction terms
which are analytic in M2 and p2 −M2. These subtraction terms are canceled by counterterm
contributions, shown in Fig. 1 c). As is clear from Eq. (10), the counterterms have to be
complex.
Next we investigate G(p2,M2, n) which can be found from Eq. (7) as a sum of terms identified
by re-scaling (k1 7→ Mk1, k2 7→ k2), (k1 7→ k1, k2 7→ Mk2) and (k1 7→ Mk1 − k2 − p, k2 7→ k2).
In all cases, the re-scaling generates an overall factor of Mn−2. The remaining integrands
need to be expanded in M , the summation and integration interchanged. Doing the above
manipulations and adding all terms together we obtain
G(p2,M2, n) = −
g2
2 (2π)2n
∞∑
i,j=0
j∑
a=0
a∑
b=0
(−1)j2j−b
(
j
a
)(
a
b
)
M2i+j+bIij,ab(p
2, n) , (11)
with the binomial coefficients (
r
s
)
=
r!
s!(r − s)!
,
and the integrals Iij,ab(p
2, n) given as
Iij,ab(p
2, n) =
∫∫
dnk1d
nk2 (p · k1)
j−a(k1 · k2)
a−b(k21 − 1)
b
(k21 − 1 + i0
+)(k22 + i0
+)
1+i
[(p+ k2)2 + i0+]
1+j
. (12)
2 Note that one of the pi-propagators carries a large momentum and thus counts as O(Q0).
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a) b) c)
FIG. 2: One-loop diagrams contributing to piΨ scattering.
The non-vanishing terms in Eq. (11) contain only nonnegative integer powers of M2. This is
because for j+ b odd, the loop integral of Eq. (12) is an odd function of k1 and hence vanishes.
The only power counting violating contributions are contained in the terms of Eq. (11) with
2i+ j + b equal to either 0 or 2. Calculating these contributions we obtain:
Mn−2∆G =
g2Mn−2 (−m2 − i0+)
n
2
−5
96(4π)n
Γ
(
1−
n
2
)
Γ
(
2−
n
2
)
Γ
(n
2
− 1
)2{ 48m6
Γ(n− 2)
+ 6m2
[
(m2 − p2)
2
(n− 4) (n− 6)
Γ(n− 2)
−
8m2M2(n+ 4)
nΓ(n− 3)
]
−
24m4 (m2 − p2) (n− 4)
Γ(n− 2)
− (n− 6)
(
m2 − p2
)((m2 − p2)2 (n− 4) (n− 8)
Γ(n− 2)
−
24m2M2(n + 4)
nΓ(n− 3)
)}
. (13)
These terms are canceled by the diagram shown in Fig. 1 b). The one-loop counterterms con-
tributing in this diagram originate from the one-loop diagrams of Fig. 2 a) and b). Expressions
corresponding to these diagrams are given by
M2a =
g2
2
∫
dnk
(2π)n
1
(k2 −M2 + i0+)[(k + p+ q)2 −M2 + i0+]
, (14)
and
M2b =
g2
2
∫
dnk
(2π)n
1
(k2 −M2 + i0+)[(k + p− q′)2 −M2 + i0+]
, (15)
respectively.
The diagrams in Fig. 2 a) and b) are of the order Qn−2. Loop integrals in Eqs. (14) and (15)
contain contributions that violate the power counting, namely:
∆M2a +∆M2b =
ig2λ(m,n)
48m6(n− 4)
{
2m6(n− 10)(n− 8)(n− 6)
− 3m4(n− 8)
(
32M2(n− 3) + (n− 10)(n− 4)
[
(p− q′)2 + (p+ q)2
])
+ 3m2(n− 6)
[
16M2(n− 3)
[
(p− q′)2 + (p+ q)2
]
+ (n− 10)(n− 4)
((
(p− q′)2
)2
+
(
(p+ q)2
)2)]
− (n− 8)(n− 6)(n− 4)
[(
(p− q′)2
)3
+
(
(p+ q)2
)3]}
,
λ(m,n) =
Γ
(
3− n
2
)
Γ
(
n
2
− 1
)2
(4π)n/2Γ(n− 2)
(
−
m2 + i0+
µ2
)n/2−2
. (16)
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The counterterm diagram which cancels these contributions is shown in Fig. 2 c) and is gener-
ated by a rather complicated Lagrangian which is contained in the L1 term of Eq. (6).
When calculating the self-energy of Ψ, these counterterms give a contribution shown in
Fig. 1 b). The corresponding expression reads
− iΣCT = −
ig2λ(m,n)
48m6(n− 4)n
{
m6(n− 10)(n− 8)(n− 6)n
− 3m4(n− 8)n
[
M2(n− 2)(n+ 4) + (n− 10)(n− 4)p2
]
+ 3m2(n− 6)
[
M4(n− 2)n(n+ 4)
+ 2M2(n + 4)((n− 8)n+ 20)p2 + (n− 10)(n− 4)np4
]
− (n− 8)(n− 6)(n− 4)
(
M2 + p2
) (
M4n + 2M2(n+ 6)p2 + np4
)}
Ipi, (17)
where
Ipi = i
∫
dnk
(2π)n
1
k2 −M2 + i0+
= Mn−2
Γ(1− n/2)
(4π)n/2
. (18)
Indeed, as already mentioned above, the self-energy contribution of Eq. (17) cancels the power
counting violating contributions in Eq. (13).
Finally, the function H(p2,M2, n) is given as a sum of three terms obtained from Eq. (7)
by re-scalings (k1 7→ Mk1, k2 7→ Mk2), (k1 7→ Mk1 − p, k2 7→ Mk2) and (k1 7→ Mk1,
k2 7→ Mk2 − p), extracting a factor of M
2n−4, expanding the remaining integrand in M , and
interchanging integration and summation, yielding
H(p2,M2, n) = −
g2
2(2π)2n
1
p2
∞∑
i=0
(−1)i
(
M
p2
)i
×
i∑
j=0
(
i
j
)∫∫
dnk1d
nk2
[2p · (k1 + k2)]
i−j[M(k1 + k2)
2 −M ]j
(k21 − 1 + i0
+)(k22 − 1 + i0
+)
. (19)
It is easy to see that Eq. (19), in combination with the factor M2n−4 of Eq. (8), satisfies the
power counting.
Combining the results above, we conclude that all terms violating the power counting are
canceled in the sum of diagrams shown in Fig. 1.
V. CONCLUSION
In conclusion, using as example a two-loop self-energy diagram in an EFT of interacting
light and heavy scalar particles we have demonstrated that the application of the complex-
mass scheme to two-loop diagrams leads to a consistent power counting. As expected from
general considerations, the subtraction of one-loop sub-diagrams plays an important role in the
renormalization of the two-loop diagrams. Our example provides an explicit illustration of the
fact that the application of the complex-mass scheme to multi-loop diagrams of a low-energy
effective field theory leads to a consistent power counting. Calculations using the chiral effective
6
Lagrangians are more involved due to the complicated structure of the interactions, but the
general features of the renormalization program do not change. As we have shown, such a
typical heavy-light two-loop self-energy diagram emerges naturally when considering a chiral
EFT with ω-mesons and pions.
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